Combining the ideas of quantum Fisher information and quantum renormalization group method, the Berezinskii-Kosterlitz-Thouless quantum phase transition of spin-1 2 XXZ chain is investigated. Quantum Fisher informations of the whole N sites and the partial N 3 sites are studied. They display very similar behaviors, even though their mathematical formulas are very different from each other. The universally critical exponent of quantum Fisher information is obtained as β = 0.47, which is consistent with the results obtained by the renormalized concurrence or discord. We also discuss the relationship between quantum Fisher information and entanglement.
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2 chain [21] . On the two sides of critical point of QPT, the property of the ground states changes qualitatively. Note also that QFI describes how well small change of a parameter can be probed. Therefore, we will show that QFI with respect to the external parameter inducing the QPT can be used to probe BKT QPT. QFI, obtained by extending Fisher information [22] from classical regime to quantum regime, is introduced in quantum estimation theory [23] . It is related to Cramér-Rao inequality [24] , which determines the low bound of the optimal quantum estimation. Recently, QFI has inspired wide interests due to its own importance in the quantum estimation and quantum metrology [25] [26] [27] [28] [29] [30] [31] . It can be used to characterize non-Markovianity of environment [32] , Heisenberg uncertainty relationship [33, 34] , and entanglement [35, 36] .
Actually, QFI has been used to characterize the QPT of Lipkin-Meskhov-Glick model [37] , spin-1 2 XY model [38] and a quantum-critical spin chain environment [39] , and the dynamical phase transition of Bose-Einstein condensate in the double well potential [40] . Recently, it has been reported that the QPT of Dicke model has been sensitively probed by QFI [41] . The QPT can be considered as a useful resource to enhance the parameter estimation [42] as the value of QFI near the critical point of QPT is larger than one outside the critical regime.
In this paper, combining the idea of QFI and quantum renormalization group method [9] , we investigate the BKT QPT of one-dimensional spin-1 2 XXZ chain at the isotropic antiferromagnetic point ∆ = 1. We find that in the two phases of XXZ model, QFI shows different behaviors. In the vicinity of the critical point, the first-order derivative of the QFI with respect to the anisotropy parameter is singular. The corresponding finite-size scaling laws are obtained numerically, with the universal critical exponent β = 0.47. It equals to the results gained by the renormalized concurrence [43] or discord [44] . Compared to the method of the renormalized [43] or discord [44] , the advantage of the renormalized QFI is that it can be used beyond the effectively two-qubit case.
II. MOTIVATION
This section discusses the motivation of our paper. The Bures distance is defined as [45] 
being the fidelity. The Bures distance or fidelity describes the closeness of two quantum state ρ and σ in Herbert space. It is also related to QFI F ϕ (defined in latter Eq. (9)) by [46] 
Here ϕ is a parameter to be estimated. This relationship shows that QFI quantifies how well small change of a parameter can be probed. It is well-known that for a QPT of a quantum manybody system, the ground states changes drastically on the two sides of critical point. Therefore, two kinds of fidelity, the ground states overlap [47] and Loschmidt echo [48] , are used to characterize the QPT. The main advantage of this approach is that the fidelity is just a purely Hilbertspace geometrical quantity. Moreover, the fidelity susceptibility (FS) [49] 
, can also manifest the quantum critical point [50] . Very recently, it is proved rigorously that [51] for any state the QFI is proportional to the fidelity susceptibility. For example, the QFI of a pure state |ψ is
, which is proportional to the FS of |ψ with respect to the parameter ϕ.
However, there is discrepancy on whether FS could be used to probe the BKT transition of XXZ model at ∆ = 1. Using Luttinger-liquid description, Yang [52] and Fjaerestad [53] had obtained the analytical expression of the ground state FS, which is divergence at the BKT transition point. However, the finite-size scaling can not been obtained by this method [52, 53] . Later, Wang et.al. [54] using the density-matrix-renormalizationgroup technique numerically had uncovered this critical point. In contrast to these papers, Chen et. al. [55] had not found the FS singularity at the BKT transition point with exact diagonaliztion method for the relative small system.
These facts inspire us to revisit this issue and adopt the QFI to manifest the quantum critical point. The ground-state overlap fidelity combined with the quantum RG method [56] has been adopted to investigate the QPT of spin chain. However, it is still an open question that whether the renormalized QFI (or FS) can detect the critical point of BKT QPT. This is the aim of our paper. 
III. RENORMALIZED SPIN-

XXZ MODEL
The renormalized group (RG) [9] , with key idea to reduce degree of freedom by a recursive procedure, is a crucial method to study the QPT. Originally, Kadanoff divided the lattices of one dimensional spin chain into blocks, and treated every block as a new lattice. The lowest eigenvectors of the block are used to construct the projectional operator. With this projectional operator, the original Hamiltonian is projected onto the renormalized space step by step. As a result, an effective Hamiltonian is obtained, which has the same mathematical form to the original one and the parameters are renormalized.
As an example, we study a spin-1 2 XXZ model on a periodic chain of N sites. Its Hamiltonian reads to be [43] 
where J > 0 is the exchange coupling parameter, ∆ > 0 is the anisotropy parameter, and σ α i (α = x, y, z) are the Pauli matrices at site i. The energy spectrum of 1D XXZ model can be exactly solved by by Bethe ansatz [57] . For ∆ = 1, the Hamiltonian has SU(2) symmetry, while for ∆ = 1, SU(2) symmetry breaks down to U(1) rotation symmetry around the z axis. In particular, the correlation function at ∆ = 1 behaves as [58] 
showing there is quasi-long range order. Therefore, ∆ = 1 is the critical point of BKT transition.
To show how the quantum RG method works, a block composed by a three-site is chosen. Choosing an odd sites block is critical for XXZ model because this makes each block with two degenerate ground states. If the two ground states are adopted to constitute the projectional operator, after RG the Hamiltonian preserves a self-similar form as the original one. Following Ref. [43] , the original Hamiltonian is divided into two parts
Here the intrablock three-sites Hamiltonian is
and the interblock coupling one is
with I being index of block.
The eigenvectors and eigenvalues of each three-site block h B I can be obtained by exact diagonalization. In order to construct the projectional operator, only its two degenerate ground states
are involved, with |0 and |1 being the eigenstates of σ
. Projecting H into this lowest energy subspace, the effective Hamiltonian up to the first-order correction is obtained to be Here P 0 is a projection operator 
with the scaled coupling parameters [43]
For the RG method, the fixed points of RG flows play a key role. By solving the equation ∆ ′ = ∆, we find two fixed points ∆ = 0 and 1. Only ∆ = 1 is the nontrivial fixed point. Although this result is different from the critical line 0 ≤ ∆ ≤ 1 obtained by Bethe Ansatz, if appropriate boundary terms are adopted, the renormalized method can correctly predict the critical line [59] . Fig. 1 shows the variation of the renormalized ∆ ′ with respect to ∆. It's obvious that ∆ ′ have different characters at the two sides of critical point ∆ = 1. In the spin-liquid phase 0 ≤ ∆ < 1, ∆ ′ decreases slowly with the increase of the renormalized time n R and approaches to two fixed points ∆=0 and 1. While in the Néel phase ∆ > 1, it almost exponentially increases. with respect to ∆ in terms of the renormalized time. Each line is one-to-one correspondence to that in Fig. 2 .
IV. QFI FOR RENORMALIZED SPIN-
1 2
XXZ CHAIN A. Quantum Fisher information
For a given quantum state ρ ϕ , its QFI with respect to parameter ϕ can be defined as [60] 
where ϕ is the parameter to be estimated, L ϕ is the symmetry logarithmic derivative, determined by
According to quantum Cramér-Rao inequality, the parameter precision has a lower bound limit
whereφ is an unbiased estimator Tr(φρ ϕ ) = ϕ, M is the number of trials. Making use of the spectrum decomposition ρ ϕ = k λ k |k k|, its QFI can be divided into two parts
with
(13) Here λ k > 0 and λ k + λ k ′ > 0. F C is just the classical Fisher information if one considers λ k playing the similar role as the probability. F Q can be regarded as the pure quantum contribution, since the factor | k|∂ ϕ k ′ | illustrates the quantum coherence between the eigenvectors of ρ ϕ .
B. QFI of full N sites
In the section II, the RG method is applied to the spin- of large system (N = 3 nR+1 ) to a three sites with the renormalized parameters after the n R -th RG iteration. In order to adopt the QFI to characterize the BKT transition of the XXZ model, one of its renormalized ground states of the full N sites is considered. Correspondingly, the density matrix is
We have checked that choosing |φ ′ 0 yields the same results. By the direct diagonalization, the eigenvectors and the corresponding eigenvalues of ρ 123 are obtained (They are omitted here). As the eigenvalues of ρ 123 are independent of ∆, according to Eq. (13), the QFI of ρ 123 only has quantum part F Q , without classical contribution F C . Straightforward calculation gives its QFI with respect to ∆
Firstly, we consider the asymptotic limits of F ∆ on the two sides of the critical point ∆ = 1. In the limit ∆ → 0,
It is a constant independent of ∆ or n R . On the other hand, in the limit ∆ → ∞,
With the increase of the renormalized time n R , F ∆ converges to zero very rapidly with the increase of ∆ (shown in Figs. 1) . Next, the numerical simulations are used to study the other behaviors of F ∆ . In Fig. 2 , we plot the variation of F ∆ with respect to ∆. Each curve crosses at the critical value ∆ = 1. Corresponding to the different phases, QFI has two saturated values. In the the spin-liquid phase 0 ≤ ∆ ≤ 1, F ∆ ≃ 0.08 ≃ The physics of these results can be understood as following. The competition between the first two terms and the third term in Eq. 2 determines the main property of the XXZ model near the critical point. In the spin-liquid phase, the first two terms of Eq. 2 dominate. Then, a small change of ∆ in this phase can changes the ground state of system considerably by affecting the third term of Eq. 2. So QFI in this phase has relatively large value. On the other hand, in the Néel phase, the roles between the first two terms and the third term reverse: the last term has the main contribution. Therefore, the ground state is not so sensitivity as that in the spin-liquid phase, and the value of QFI is small.
The non-analytical property of QFI, which associates with the finite-size scaling laws, is studied by the first derivative of F ∆ with respect to ∆, as shown in Fig. 3 . This figure clearly displays a discontinuous at ∆ = 1. With the increase of system size, the minimum value of 
with β = 0.47. It equals the critical exponent obtained by the renormalized concurrence [43] and discord [44] .
C. QFI of a reduced N 3 sites
In the upper subsection, we study the groud state KT QPT of the whole system. It is well-known that approaching the critical point, the whole system is strongly corrected and highly self-similar. Therefore, it is expected that the reduced state of the whole system should also signify the critical property of the system. As the 2N 3 sites can be effectively reduce to a two-qubit subsystem and it has been investigated by concurrence and discord, in this subsection, we only focus on a reduced N 3 sites. Further tracing over the sites 2 and 3, the resulting reduced density matrix of site 1 is to be
It's easy to see that the eigenvectors of ρ 1 are independent of ∆. So the QFI of ρ 1 with respect to ∆ only has the classical part, given as
In the limit ∆ → 0,
. On the other hand, in the limit ∆ → ∞, F ∆,1 = 4 ∆ 4 , which equals to the Eq. (16). We also study the variation of F ∆,1 with respect to ∆ by the numerical simulations (the numerical results are omitted here). Although its mathematical form is distinct from Eq. (15), it demonstrates highly similar behaviors as that of Fig. 2 . One clue for this similarity is that they display almost the same behaviors in the two limits ∆ → 0 and ∞.
In order to improve the precision of parameter estimation, i.e., QFI, an entangled state is usually adopted. For our N 3 sites subsystem reduced from a pure ground state, the entanglement can be quantified by entropy. The von Neumann entropy of ρ 1 is given as
In Fig. 6 , we show the behaviors of S 1 as a function of ∆. It's obvious that it is similar to that of Fig. 2 . Every curve crosses at ∆ = 1, and the values of S 1 in the spin-liquid phase 0 ≤ ∆ ≤ 1 is larger than that of in the Néel phase ∆ > 1. In a short, a state with a larger entanglement may enhance the precision of parameter estimation. The similar conclusion has been obtained for a Bose-Einstein condensates in a symmetric double well [40] .
D. Discussion
A cornerstone of QPT is universality in which the critical behavior depends only on the dimension of the system and the symmetry of the order parameter [20] . This universality implies that the critical exponent is independent of the adopted physical quantity to probe QPT. By numerical simulation, we also find that the critical exponents in the finite-size scaling behaviors of F ∆,1 and S 1 are also β = 0.47. It also equals the critical exponent obtained by the method of the renormalized concurrence [43] and discord [44] . These results demonstrate that the critical exponent β = 0.47 of XXZ model is universal. Compared to the renormalized concurrence [43] or discord [44] , the advantage of the QFI is that one can choose one, two or three effectively sites to characterize the BKT QPT, in contrast to the two-qubit case for the renormalized concurrence or discord.
However, there is a disadvantage for our RG method. Actually, it is well known that QFI has two bounds [61] (a) F ≈ N corresponding to shot-noise limit and (b) F ≈ N 2 to Heisenberg limit. The numerical result of QFI for our renormalized of spin chain, taking n R = 4 as an example, equals about 0.08, as shown in Fig. 2 . It is much smaller than the shot-noise limit F ≈ N = 3
5 . The reason for this distinct difference should be that our RG scheme reduces the system size just by parameter iteration for a fixed site block.
V. CONCLUSION
To summarize, we have analyzed BerezinskiiKosterlitz-Thouless quantum phase transition of spin- 1 2 XXZ chain using the quantum renormalized group method. Quantum Fisher information, which is related to Cramér-Rao inequality in quantum estimation theory, is adopted to detect the critical point. The quantum Fisher information of the whole and partial system can equivalently display the quantum phase transition of this model. The finite size scaling laws near the critical point is also investigated, and a universality the critical exponent β = 0.47 is verified. In a word, quantum Fisher information can be used to characterize Berezinskii-Kosterlitz-Thouless quantum phase transition.
